Introduction
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conjecture, which has been confirmed for dimension three. We refer to [23] and references therein. The result in [23] has been extended, for example, by [20, 5, 24] . These results can be summarized as below: Theorem 1.1 ([23, 20, 5, 24] ). -Let (M, ω) be a compact Kähler manifold, and let H(ω) denote the holomorphic sectional curvature of ω. We remark that, while in the case H(ω) < 0 we can provide a direct proof by using the complex Monge-Ampère type equation combining the Schwarz lemma, in the case of H(ω) quasi-negative one seems to have to use
n > 0 to conclude the bigness of K M . This relies on Demailly's fundamental work on the Morse inequality (see [4] for example).
More recently in [25] we extend the result to complete noncompact Käh-ler manifolds. Note that on a compact Kähler manifold M , the ampleness of K M is equivalent to the existence of Kähler-Einstein metric on M with negative scalar curvature. We can therefore characterize the positivity of K M on a complete noncompact Kähler manifolds by the existence of a complete Kähler-Einstein metric with negative scalar curvature. Then, M admits a unique complete Kähler-Einstein metric ω KE with Ricci curvature equal to −1, satisfying C −1 ω ω KE Cω for some constant C > 0. Furthermore, the curvature tensor of ω KE and all its covariant derivatives are bounded.
Through the proof of Theorem 1.2, we develop the effective version of quasi-bounded geometry. By using the quasi-bounded geometry, we further show that the three classical invariant metrics, the Bergman metric, the Kobayashi-Royden metric, and the Kähler-Einstein metric of negative scalar curvature are quasi-isometric to each other on a simply-connected complete Kähler manifold of negatively pinched sectional curvature ( [25] ).
In this note we give a further extension, which connects to the study of the fourth classical invariant metric, the Carathéodory-Reiffen metric. 
where ω = π * ω is the covering metric, and C 1 > 0 is a constant independent of x. Then, M admits a unique complete Kähler-Einstein metric ω KE satisfying
and the curvature tensor of ω KE and all its covariant derivatives are bounded on M . (1) [26, 10] If M is Carathéodory hyperbolic, then K M is ample.
(2) If K M is nef and M is Carathéodory hyperbolic at one point, then K M is big.
Corollary 1.4 (1) is contained in H. Wu [26] and S. Kikuta [10] , which do not require the Kähler condition. Their approaches, however, do not achieve the second part (2), since they require M to be Carathéodory hyperbolic at least on a dense open subset. Corollary 1.4 (2) may be compared with Theorem 1.1 (3). Our proof of (2) again combines the Monge-Ampère type equation with Demailly's Morse inequality.
One goal of this paper is to construct complete Kähler-Einstein metrics on a broader class of manifolds, which may not have negative holomorphic curvature over the whole manifold. The following theorem is useful in some situation. Theorem 1.5. -Let (M, ω) be a complete Kähler manifold with bounded sectional curvature, and let π : M → M has a holomorphic covering space. Assume E ⊂ M is either compact or M \ E is a bounded domain with respect to ω = π * ω, such that
In the case (M, ω) has the quasi-bounded geometry, assume only that E is closed in M and satisfy (1) and (2). Then, M admits a unique complete Kähler-Einstein metric ω KE which is uniformly equivalent to ω, and the curvature tensor of ω KE has bounded covariant derivatives of arbitrary order.
A motivational example for Theorem 1.3 and Theorem 1.5 is the moduli space of Riemann surfaces, whose covering space is the Teichmüller space (see [14] for example). The Bers embedding theorem exemplifies the map F from the covering space to a large ball in C n so that the pullback metric under F is nondegenerate. Another example for Theorem 1. 
Preliminary
Let us recall some standard results concerning the covering metric. Let π : M → M be a covering space of a Riemannian manifold M . One can pullback the metric g on M to a Riemannian metric g ≡ π * g, called the 
where Hol(M, N ) denotes the set of all holomorphic maps from M to N , P denotes the Poincaré metric dz ⊗ dz/(1 − |z| 2 ) 2 on the unit disk D, and
A complex manifold M is said to be Carathéodory hyperbolic, or Chyperbolic, at a point x 0 ∈ M if there exists a holomorphic covering π :
The manifold M is said to be Carathéodory hyperbolic or C-hyperbolic if there exists a holomorphic covering π :
The reason we pass to the holomorphic covering is due to the fact that C M ≡ 0 for any compact complex manifold M .
The following lemma is pointed out in [26, p. 647, Lemma 1]. One ingredient in our proofs is the following Schwarz type lemma, whose proof follows immediately from adapting the argument in [27] and [16, Proposition 4] to [23, Proposition 9] .
and that the holomorphic sectional curvature
where λ, µ, κ are constants with µ 0 and κ 0. Then,
, and l is the rank of dF p . TOME 68 (2018), FASCICULE 7 Another ingredient is the quasi-bounded geometry established in [25, Theorem 9], using W. X. Shi's derivative estimates of curvature [18] is quasi-isometric to ω, and the curvature tensor of ω 1 and its kth covariant derivatives are bounded by constants depending only on n, A, B, and k. (2) Furthermore, (M, ω 1 ) has the quasi-bounded geometry in the following sense: There exists a constant r > 0 depending only in n, A and B such that for every point x ∈ M , there is a nonsingular map
with constant C > 0 depending only on n, A, B, and that the kth derivatives of metric components of ψ * x ω 1 on B(r) with respect to the natural coordinates in C n are bounded by constants depending only on n, A, B, and k. Here B(r) denotes an open ball in C n of radius r centered at the origin, and ω C n is the standard Kähler form on C n .
Proof. -Statement (1) follows from Shi's derivative estimates, and statement (2) follows from statement (1) and [25, Theorem 9 (1)]. Only statement (3) requires a proof.
Let us recall the approach of Ricci flow and set up the notation. Consider
where g αβ (x) is the metric component of ω at x. By Shi's derivative estimates, there exists a constant θ 0 (n) > 0 depending only on n such that (2.1) admits a smooth family of Kähler metrics {g αβ (x, t)} for 0
It follows that
for all 0 < t θ 0 (n)/(A + B). Here C(n) > 0 denotes a generic constant depending only on n. Thus, for an arbitrary t ∈ (0, θ 0 (n)/(A + B)], (1) and (2).
. By the uniform continuity, there exists a small 0
Thus, then ω 1 = {g αβ (x, t 0 )} satisfies statements (1), (2) , and (3). To show (3) when E is a compact subset of M , we first apply the uniform continuity on ∂E ×[0, θ 0 (n)/(A+B)] to obtain a small 0 < t 1 
for all x ∈ M and 0 t t 1 . Applying Proposition 2.6 below with
Hence, the metric ω 1 = {g αβ (x, t 2 )} satisfies requirements (1), (2), (3).
Proposition 2.6. -Assume on a complete noncompact Kähler manifold M the Ricci flow equation
admits a smooth solution g αβ (x, t) > 0 for all x ∈ M and 0 t T , whose curvature tensor satisfying
for all x ∈ M and 0 t T . Suppose that
for some constants C 0 > 0 and κ, where E ⊂ M is compact. Then,
for all x ∈ M \ E, 0 t T .
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Proof. -The argument is similar to that of [25, Lemma 15] . We only point out the differences. Suppose there exist (
Now pick a geodesic ball B(x 0 ; Λ) with respect to d 0 centered at x 0 of radius
Thus, (h(x, t) − Ct + κ)θ must attain its supremum m 0 at a point
By (2.7), we have t * > 0. Notice that x * / ∈ ∂E, by virtue of (2.8). Hence,
that is, x * is an interior point. This allows us to apply the maximum principle to get a contradiction. The rest of the proof follows entire the same as that of [25, Lemma 15] , with the factor 4 instead of 8 in the estimate, which is due to ∂ ∂t
if ∂η/∂t = 0. TOME 68 (2018), FASCICULE 7
Theorem 1.3 and hyperbolicity
We first prove Theorem 1.3. Then, we indicate its application to the Carathéodory hyperbolicity.
Proof of Theorem 1.3. -By Lemma 2.5, we can assume, without loss of generality, that (M, ω) has quasi-bounded geometry. Consider the MongeAmpère equation
where dd c log ω n = − Ric(ω), n = dim M , and the constant c t > 1 may depend on t. We use the continuity method to produce a solution for t = 0. The nonemptyness, openness, and the estimate sup M u C follow from the same arguments in [25, Lemma 31] . We denote by C the generic constant depending only on n and ω.
To get the second order estimate we pass to the covering space M . Let ω = π * ω, u = π * u, and ω t = π * ω t . Note that both ω and ω t are Kähler, since d commutes with π * . By Proposition 2.1, the metrics ω and ω t are both complete, satisfying
This implies Ric(
For each x ∈ M , applying Proposition 2.4 to
where S = tr ∼ ωt (F * ω N ), and l is the rank of dF at a point in M , and l n by the assumption (1.1). Since ω t is complete with Ricci curvature bounded below by −1, we apply the second author's upper bound lemma (see, for example, [1, p. 353, Theorem 8] ) to obtain
Then,
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This together with sup M u C imply the desired second order estimate 
where ω B ≡ −dd c log(1 − |z| 2 ) is the Bergman metric on B n with holomorphic sectional curvature identically equal to −2, and c ∼ x > 0 is a constant depends on x.
Fix a finite cover
Then, the constant C M > 0 depending only on M such that
This completes the proof of statement (1).
For statement (2) , one cannot expect to have (1.1). However, we can still use the approach of Theorem 1.3. By [23, Proposition 8] , for each small t > 0, there exists a smooth function u on M satisfies the Monge-Ampère type equation
It follows that the Ricci curvature Ric(ω t ) = −ω t + tω. Let ω = π * ω be the pullback metric on M . Then,
Both ω and ω t are complete Kähler metrics. Equation (MA) t induces an equation on M :
Applying the maximum principle to (MA) t yields sup M u C, which is the same as sup
To get the C 2 estimate of (MA) t , we shall make use of (3.1). It follows that
Apply Proposition 2.4 to Ψ : (
where l is the rank of dΨ at a point. Applying the maximum principle yields
By the assumption and Lemma 2.3, dΨ at x 0 has rank n. It follows that
Here C 0 > 0 is a constant which depends on the fixed point x 0 but not on t. Hence,
Hence, − max M u n log(C 0 /(n + 1)). It then follows from the process [24, after (8) 
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This implies the bigness of K M , as a consequence of Demailly's Morse inequality.
Proof of Theorem 1.5
Proof of Theorem 1.5. -It is sufficient to show the existence of the Kähler-Einstein metric. As in the proof of Theorem 1.3, we use the continuity method to solve the Monge-Ampère type equation
for t = 0. The nonemptyness and openness follow from the same process as in the proof of Theorem 1.3. Furthermore, we have
To get the closedness, we lift the equation to ω n t = e ∼ u ω n on M , where ω = π * ω and ω t = π * ω t are both complete metrics on M . If E ⊂ M is either compact or M \ E is a bounded domain with respect to ω, then by Lemma 2.5 we can assume that ω and ω have the quasi-bounded geometry. In the following, we consider the general case that E is a closed subset of M .
For each x ∈ E, we apply Proposition 2.4 to
where
By assumption (2) 
This together with assumption (2) imply that
It remains to estimate tr ∼ ωt ω on M \ E. For this we need inf M u. Note that (4.2) implies that
Hence,
On the other hand, by assumption (1) we can apply the second author's upper bound lemma to
Indeed, if u attains its infimum in E, then it is already estimated by (4.3).
If u attains its infimum at an interior point in M \ E, then (4.5) follows from applying the usual maximum principle to (4.4). The difficulty lies in the case that u tends to its infimum at infinity. By assumption (1) and (4.4), we have
We then apply the second author's upper bound lemma or generalized maximum principle to the following inequality
to obtain (4.5). Thus, combining (4.3) and (4.5) yields
Applying Proposition 2.4 with N = M , F = identity map yields
where κ 1 = sup H( ω) and we use (1) and the fact that Ric( ω t ) = − ω t +t ω − ω t . Fix a constant A such that
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Applying the second author's upper bound lemma yields
This together with (4.2) implies the desired second order estimate
This together with (4.1) yields the desired closedness. The proof is therefore completed.
Examples
In the following examples, when we say a manifold possesses a complete Kähler-Einstein metric, we mean the manifold possesses a unique complete Kähler-Einstein metric with Ricci curvature equal to −1, and the curvature tensor of Kähler-Einstein metric and all its covariant derivatives are bounded, unless otherwise indicated. To see this, recall that Ω possesses a complete Kähler metric ω of the bounded geometry and negatively pinched holomorphic curvature (cf. [2] and [11, p. 281, Theorem 2] ). Then, the restriction ω| Σ of ω defines a complete Kähler metric on Σ with negatively pinched holomorphic curvature, in view of the decreasing property of holomorphic curvature on submanifolds and the bounded geometry. It then follows from Theorem 1.2 that Σ possesses a complete Kähler-Einstein metric, which is uniformly equivalent to ω. 
and D intersect ∂D 3 transversally at each intersection point. Here by the closure G and boundary ∂G of a set G we mean the topological closure and topological boundary of G in C 3 . We claim that the complex surface Σ \ D possesses a complete Kähler-Einstein metric.
Let us make some remarks before proving the claim. First, a special case Proof of the claim. -We shall apply Theorem 1.5 with M = M = Σ \ D. We need to construct a complete Kähler metric ω of quasi-bounded geometry satisfying conditions (1) and (2) in Theorem 1.5.
Denote by ω P the product of the Poincaré metrics on D 3 . Then, ω P | Σ defines a complete Kähler metric on Σ of negatively pinched holomorphic curvature and the quasi-bounded geometry, and so does ω P | D on D. As in Example 5.2, the submanifolds Σ and D possess complete Kähler-Einstein metrics, denoted by ζ and η, respectively, which are uniformly equivalent to ω P | Σ and ω P | D and have the quasi-bounded geometry.
Choose a smooth metric h 1 on [D] over Σ such that h 1 can be smoothly extended over Σ and that h 1 is identically constant outside a tubular neigh-
which is positive outside U , where det ξ ij is the coefficients of ξ 2 in terms of the local coordinates on Σ. Let on V \ D as |z 1 | → 1 and z 2 → 0. Here the symbol ∼ gives the leading order term of an asymptotic expansion. This shows the completeness of ω. It is clear that ω has the quasi-bounded geometry.
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Let E = Σ \ D δ . Then, E is a closed subset of Σ \ D. Notice that log(− log |s| 2 ) is a bounded smooth function on the closure E in C 3 . Then,
for some constant C 1 > 0. It follows that ω (AC + C 1 ) ω P | Σ on E.
Thus, the complete Kähler metric ω of the quasi-bounded geometry satisfies conditions (1) and (2) of Theorem 1.5. The claim then follows from Theorem 1.5.
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